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S. I .  M e s h k o v  

E L A S T I C A L L Y  

The s t e a d y - s t a t e  fo rced  osc i l la t ions  of a s i n g l e - m a s s  s y s t e m  subject  to an external  pure  
harmonic  fo rce  a r e  cons idered .  The ro le  of r e s to r ing  force  is played by a nonlinear  func- 
tion, which takes  account  of he red i t a ry  effects  as a sum of mult iple  in tegrals  in acco rd -  
ance with the Vo l t e r r a  theory .  The p rob lem is solved by the method of equivalent l inear i -  
zation, the d iscuss ion being confined to a t r ip le  integral  of the he red i t a ry  type. The influence 
of the he r ed i t a ry  nonl inear i ty  on the s y s t e m  dynamic c h a r a c t e r i s t i c s ,  namely ,  its amplitude,  
phase ,  dynamic r igidi ty,  h y s t e r e s i s  loop a rea ,  and Q, is invest igated.  In par t i cu la r ,  the r e -  
c iproca l  of the Q, which can be taken as a m e a s u r e  of the internal  fr ict ion,  is shown to be 
independent of the ampli tude of osci l la t ion and to be the s a m e  as that  obtained by l inear  
theory .  The other  dynamic c h a r a c t e r i s t i c s  p rove  sens i t ive  to the nonlinear  p rope r t i e s .  The 
exponential  ra t ional  f rac t ions  proposed  by Yu. N. Rabotnov a re  used as concre te  he red i t a ry  
functions. 

1. In many  physica l  phenomena the connection between the output signal x(t) and input signal y(t) is 
e x p r e s s e d  by a re la t ionship  of the he red i t a ry  type,  i .e . ,  the s y s t e m  response  at a given instant t is de t e r -  
mined,  not m e r e l y  by the input signal at  this instant,  but als0 by the input excitation throughout the per iod 
p r i o r  to t .  The Vo l t e r r a  nonl inear  equations [1], connecting the input and output signals of a s y s t e m  invar i -  
ant under changes in the t i m e  origin,  can be  wri t ten  as [2] 

co co m 

x ( t ) :  ~, i m ! /m(t , , t2 ,  . . . tm)  H Y ( t - - t i )  dti 
7 n ~ l  ' " . . . .  " i ~ 1  

0 

(1.1) 

c o  oo  n 

y ( t ) = ~ ,  i n  ig,~(tl, t 2 . . . .  t n ) ~ x ( t - - t j ) d t  j 
0 

(1.2) 

Here ,  the functions f m ( t i ,  t2, . . . .  t m) take account  of m - t h  o r d e r  re ta rda t ion  effects,  while the c o r -  
responding reso lven ts  gn(tl, t 2 , . . . ,  t n) allow for  n- th  o rde r  re laxat ion  effects; when m = n = 1, (1.1) and 
(1.2) b e c o m e  the Bol tzmann l inear  he r ed i t a ry  equations.  The lower l imit  of integrat ion is zero ,  in a cco rd -  
ance with the pr inc ip le  of causal i ty ,  s ince the r e sponse  x(t) cannot p recede  the input signal y(t). 

In view of (1.1) and (1.2), t he re  is a re la t ionship  between the functions f m ( t l ,  t2, . . . .  tm) and 
gr~(tl, t2,. . , tn) , which can be conveniently wri t ten  in Fou r i e r  space .  In fact ,  on F o u r i e r - t r a n s f o r m i n g  (1.1) 
and (1.2), we get  

c o  ~ m r n  

X(o) = ~, ~(m)~Fm(r ~ " . . . . .  ~) , , )8(--~ § Z r  Y (t% ) dr (1.3) 
m = l  * ) ' 3 " .  - i = 1  " =  k ~ l  

0 

c o  c o  n n 

y (r = n G n (r . . . . .  con' ) 6 - -  ~o -~ r X (r do),' (1.4) 
1 j = l  l = l  

0 
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Here ,  the upper  c a s e  l e t t e r  denotes  the F o u r i e r  in tegra l  t r a n s f o r m  of the c o r r e s p o n d i n g  lower  case  
l e t t e r :  

X(CO) = (2g)-'/' t x( t )e - i~ td t ,  r ( o ) )  = (2g)-v, I g ( t ) e - ~ t d t  (1.5) 
0 0 

c o  n 

0 

(1.6) 

An e x p r e s s i o n  s i m i l a r  to (1.6) can  be wr i t t en  for  Fm(W 1 . . . .  , Wm). 

Subst i tut ion of (1.4) in (1.3) g ives  

c o  c o  m m 

rI 
0 

X { ~ _ j f n i G n ( ( D l t , . . . , c o n ' ) ~ { - - ( o k ~ - ~ O ) j '  ) X(o.)gt)dfDl ' 
=1 . . . .  2=1 " I~1 

O 

(1.7) 

This  ident i ty  enables  a connec t ion  to be  es tab l i shed  be tween  the funct ions F m and G n for  any va lues  of m 
and n. To obtain this  connec t ion ,  c o n c r e t e  va lues  have to be a s s i g n e d  to  the indices  when wr i t ing  out the 
r igh t  s ide  of  (1.7); then the coef f i c i en t  of  the  l inear  t e r m  in X(w) is put equal to unity, while each  non l inea r  
t e r m  in X(0~) has to vanish .  Inve r s ion  equat ions a r e  thus obta ined for  each value  of  m and n; due to the i r  
complex i ty ,  the f o r m u l a s  a r e  usual ly  only quoted for  the f i r s t  t h r e e  va lues :  

FI(CO)GI(CO ) = 1, G2(COl,COz) = - -  F~(COl, CO2)[FI((~I)F2(COz)FI((ol ~- o)2)1-1 

3 -1 

By this  m e a n s ,  e i t he r  (1.1) o r  (1.2) m a y  be used,  a c c o r d i n g  to the  c o n c r e t e  p r o b l e m .  

2. C o n s i d e r  the  s t a t i o n a r y  m o d e  of  a o n e - d i m e n s i o n a l  o s c i l l a t o r  moving  under  the ac t ion  of  an ex-  
t e r n a l  pure  h a r m o n i c  f o r c e  P cos  cot. A s s u m i n g  that  x(t) r e p r e s e n t s  the d i sp l acemen t ,  and y(t) the r e s t o r -  
ing fo rce ,  the equat ion of mot ion  b e c o m e s  

Mx'"  + y (x ,x ' )  = P cos o)t (2.1) 

w h e r e  M is the m a s s  and the dot denotes  d i f fe ren t ia t ion  with r e s p e c t  to t ime .  

The  so lu t ion  of  (2.1) wil l  be  found by the  K r y l o v - B o g o t y u b o v  method  of  equivalent  l i nea r i za t ion  [3]. 
The  equat ion is f i r s t  r e w r i t t e n  as  

Mx'" + co-lqx" + k x  + e(x,x')  = P cos (0t (2.2) 

w h e r e  e (x, x')  denotes  the e r r o r  tha t  r e s u l t s  f r o m  rep lac ing  the  non l inea r  funct ion y(x, x ~) by an equivalent  
l i nea r  v i s c o - e l a s t i c  par t ,  i .e . ,  

~ ( x , x ' )  = y ( z , z ' )  - k x  - -  o ) - l qx"  (2.3) 

The s t a t i o n a r y  solut ion of  (2.2), with ~ ix, x')  = 0, is 

x = A  cos 0, O = cot--q~ (2.4) 

whence  the ampl i tude  A and tangent  of  the p h a s e - s h i f t  a r e  eas i ly  found: 

A = P[~l  2 + (k  - -  Mco2)2] -'/~, tg ~ = ~l(k --  Mr -~ (2.5) 

The  coef f i c ien t s  k and 7/ a r e  found f r o m  the  min imiza t i on  condi t ion  fo r  the e r r o r  ~ (x, x ' ) ,  which  is 
wr i t t en  in the f o r m  of  two equat ions ,  a v e r a g e d  o v e r  the per iod  of  o sc i l l a t i on  T = 2~w -1 [4, 5]: 
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On subst i tu t ing (2.3) in (2.6), e xp re s s i ons  a r e  obtained fo r  ~ and k that  allow for  the non l inea r  p r o p e r -  
t i es  of  the  s y s t e m :  

2n 2~ 

k = (hA) -~ I y (A, 0) cos 0 dO, ~l = "(gAr -~ f ~( (A, 0) sin (} dO (2.7) 
O 0 

The  ro l e  of  dynamic  modulus  of  the  s y s t e m  is played by k, while  r; is p ropor t i ona l  to the h y s t e r e s i s  
loop a r e a .  The r e c i p r o c a l  of  the  s y s t e m  Q is taken as  a m e a s u r e  of  the in te rna l  f r ic t ion ,  and is given by 

T 

f P sin (p ~ (2.8) Q - l =  I AW P x'(t) cos0)tdt= ~ = - ~ -  
2~ W --  ~kA  2 

0 

Not ice  that  Q-1 is the s a m e  as the  tangent  of  the  p h a s e - s h i f t  tg  ~ in the q u a s i - s t a t i c  ca se ,  i .e . ,  
when M = 0. 

3. The method  d e s c r i b e d  in Sect ion 2 can be  appl ied to the s y s t e m  (1.2). Substi tut ing (1.2) in (2.7) 
and r eca l l i ng  (2.4), it is found that  the coef f ic ien t s  k and ~? a r e  d e t e r m i n e d  so le ly  by  the  odd t e r m s  in (1.2). 
Re ta in ing  only the  f i r s t  t h r e e  t e r m s  in (1.2), the  fol lowing e x p r e s s i o n s  a r e  obtained:  

k = B e  Gl(o)) + 3 / ~ A ~ R e  G,(o), r - -  ~) (3.1) 

- -  ~l = Im Gl(~o) ~ a/~ aA~im 0a((o, r - -  co) (3.2) 

Here ,  Re  G n and Im G n a r e  the  r ea l  and i m a g i n a r y  pa r t s  of the complex  quanti ty G n g iven  by (1.6). 
The  ampl i tude  A is found as a funct ion of  the  f r equency  and theo log i ca l  p a r a m e t e r s  of  the  s y s t e m  f r o m  a 
s ix th  d e g r e e  equat ion,  ob ta ined  by subs t i tu t ing  (3.1) and (3.2) in the  f i r s t  of  (2.5): 

aA  e + bA 4 + c A  ~ + d = O 

a = (~/~n)2[(Re G3) 2 ~- (Ira G3)~], c = (Im G1) ~ + [ReG 1 --  Mr ~ (3.3) 
b : 3~[1%GI Im G3 ~ ReGa(ReG1 - -  A/o)2)], d : - -  P~ 

It is eas i ly  s een  that  the  coef f ic ien t  c is equal to the s q u a r e  of  the  r e c i p r o c a l  of the ampl i tude  for  a 
l inea r  o s c i l l a t o r ,  i .e . ,  in the c a s e  when a = b = 0 o r  Re G O = I m G  3 = 0. In this  c a s e  the  s y s t e m  dynamic  
c h a r a c t e r i s t i c s ,  na m e l y ,  k, ~?, tg  q~, and Q - 1  a r e  independent  of  the ampl i tude;  in the  non l inea r  ca se ,  they 
a r e  funct ions of  the  ampl i tude  A, which  is g iven  by  the  compl i ca t ed  equat ion (3.3). 

Solution of  the  p r o b l e m  can  be  s o m e w h a t  s impl i f i ed  if the funct ions gl(tl) and g3(t',tr a r e  spec ia l ly  
chosen  as follows [6, 7]: 

gl(ta) : g(tl), g(t 1, t~, t a ) =  g(tl)g(t2)g(ta) 

Then,  

(3.4) 

Re G3 = (2n)-IG.ReG, Im G~ = (2a)-lG.Im G, G = (Re G) ~ + (Ira G) 2 (3.5) 

a ~- (3/4)2G.3,  b : 3/2G.(G , - -  M0)~Re G), c : G. --  2 M(o~Re G + M2r 4 (3.6) 

k : (i +3 /4A2G. )ReG, - -~  : (i +3/4A~G.)Im G (3.7) 

It  immed ia t e l y  follows f r o m  this  tha t  the  in terna l  f r i c t ion  Q-i  is independent  of  the  osc i l l a t ion  a m p l i -  
tude.  F o r ,  subs t i tu t ing  (3.7) in (2.8), Q-I  is found to be g iven  by jus t  the f i r s t  t e r m  of  (2.1), i . e . ,  is the 
s a m e  as the  va lue  obta ined  f r o m  l inea r  t h e o r y :  

@1 = _ Im G(o)) [ReG(~))1-1, ImG(o)) < 0 (3.8) 

4. To inves t iga te  the  inf luence of the non l inea r  p r o p e r t i e s  on the  ampl i tude  A and the o ther  dynamic  
c h a r a c t e r i s t i c s ,  g(t) wil l  be  wr i t t en  as  

g (t) = k~ [6 (t) - -  v~-~Ey (--  l, t, re)], 
r 

Ey (--  i ,  t, ~)  = t ~-1 ~,, ( :  i)n (t /~)v" (4.1) 
r Iv (n + 1)1 

n = 0  

w h e r e  6(t) is the  D i r a c t  5 - func t ion ,  E T ( - 1 , t , r ~ )  is the Rabotnov exponent ia l  r a t iona l  f r ac t i on  [8], 7 6(0, 1) 
is the qual i ty  p a r a m e t e r ,  Te the r e l axa t ion  t ime ,  k~ and k 0 a r e  r e s p e c t i v e l y  the unre laxed  and re laxed  
va lues  of  the  e las t ic  modulus ,  and re ,  vr a r e  the modulus  de f i c ienc ies :  
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v, = (/coo - -  ko) k~ -x, vo = (k~o - -  ko) ko -t  

Us ing  (4.1), the  fo l lowing  e x p r e s s i o n s  a r e  e a s i l y  o b t a i n e d  fo r  the  r e a l  and i m a g i n a r y  p a r t s  of  G(w) in 
t he  F o u r i e r  s p a c e :  

sin xp • + cos ~ ~, Im G = - -  %k~o ~ (t, i) R e G = k ~  l - - v ~ -  ~(i, i)  

(u, v) = usx ~ + vsx -~ + 2uv cos q~, z = o ~ ,  * = ~[~n~ (4.2) 

Subst i tut ion of  (4.2) in (3.5), (3.6), and (3.7) g ives  

9 [ ~2 (kco, ko) ]a fl (kco - -  Mo) ~, k0 .-- M~o ~) 
a = - ~  [. ~ (i---~ ' c = - - ~ ( l ,  i) 

3 [ ~ (koo. ko)]~ { M~o[koo•215 
b = ~ t  ~(--~E~,t) J 1 - -  a(ko~,k0) 

• COS r ] [f 3 AVn(koz, ko) 
k = k ~ o [ l - - v , - 5 7 E ~ -  J + 4  ~0.1)  ] 

~ l= (k~  v ,  sin* [1 + 3  A:~(koa, ko)] 
- - , o o ~  ~ ( 1 / 1 )  4 ~ ( t , i )  

(4.3) 

(4.4) 

The b e h a v i o r  of  the  ampl i tude  A as  a funct ion of the  f r e q u e n c y  w and the rheo log ica l  p a r a m e t e r s  was  
examined  in [9, 10] in the l inea r  c a s e ,  w h e r e  A = 1 / q - c .  The  m a i n  f ea tu res  of  the f r e q u e n c y - d e p e n d e n c e  of  
A in the  non l inea r  c a s e  can be  seen  without  p e r f o r m i n g  the l abor ious  computa t ions  needed fo r  so lv ing  the 
s ix th  d e g r e e  Eq. (3.3), by  confining the d i s c u s s i o n  to two l imit ing e las t ic  c a s e s ,  name ly ,  the r e l axed  and the 
unre laxed .  I t  is a s s u m e d ,  in fact ,  tha t  the ampl i tude  A will v a r y  s lowly at e i ther  high o r  low f r equenc i e s ,  
and a sympto t i c  f o r m u l a s  a r e  wr i t t en  for  k and ~ in the r e s p e c t i v e  c a s e s  ~ >> 1 and n << 1. T h e r e  is an 
e s sen t i a l  d i f f e rence  h e r e  be tween  the  c a s e s  y ~ 1 and y = 1: 

7 : # i , x ~ - i ,  k~k~olt-v~x-~cosxp+a/~A2ko~S(i --3v,u-~cos~2) ] 
~l ~ (k~o --  ko) (i + al~ASkoo~) x-~ sin ~p 

(4.5) 

•  k ~ k o [ i  + v~x~cos~ + 3/4A2koS(l-k 3 v ~ c o s r  
~] ~ (ko~ -- ko) (l + 3/~A~ko ~) u~ sin 

(4.6) 

T =  t , x ~ l ,  k~ko~{ l - -v~x-~  + a/tA2k~S[t--v~x-~(2 + kokoC1)l } 
~l ~- (ko~ - -  ko) (i + a/~A2koo s) x -1 

(4.7) 

x <~ l, k ~ k0 {t + v ~  ~ + 8]~A~koS [1 + vax 2 (2 + k~kol)l} (4.8) 
~l ~ (k~o - -  ko) (1 + S]4A~ko ~) 

On taking the l imi ts  of k and ~ f r o m  (4.5)-(4.8) as ~'~ ~ oo and r~ -~ 0, and subst i tu t ing in the f i r s t  of 
(2.5), then so lv ing  the  l a t t e r  fo r  the  de l ay  t e r m  Mw 2, two r e l a t i onsh ips  a r e  obtained,  defining the  f r equency  
c u r v e s  for  the two ampl i tudes  c o r r e s p o n d i n g  to r e l axed  and unre laxed  osc i l l a t ions :  

r ~ --- Oo ~ ( l  + 8/4koSA ~) _-J= P ( M A )  -1, o)os = koM -1 

co s ---- coo~ s (l + 3/4koo~AS ) ! P (MA) -t, G)~ s = k~oM-1 (4.9) 

T h e s e  e x p r e s s i o n s  d e s c r i b e  the o s c i l l a t o r y  p r o c e s s e s  for  s y s t e m s  with a r ig id  r e s p o n s e ,  s i m i l a r  to 
the p r o c e s s e s  d i scussed ,  e .g. ,  in [11]. F i g u r e  1 g ives  A = A(w 2) c u r v e s  for  the  n u m e r i c a l  da ta  

2 2 
(Dr = i ,  kco : 4/3, ko  2 = 1/3, 

V~ = 1/s, PM ~1 = J. 

and it can  be  seen  that  t h e r e  a r e  two e las t ic  r e s o n a n c e s ,  at o: 2~ = 1 and o:2 = ~ .  When the re laxa t ion  t i m e  
r~ has a f ini te  va lue ,  the  r e s o n a n t  ampl i tudes  wi l l  occupy  an i n t e r m e d i a t e  posi t ion;  and he re ,  as  in the 
l inea r  ca se ,  when T = 1 al l  the  r e s o n a n t  ampl i tudes  wil l  have a c o m m o n  point  of i n t e r s e c t i o n  [7, 10]. The 
d i f f e rence  l ies in the fac t  that ,  w h e r e a s  in the  l inea r  c a s e  the f r equency  co. at  which  the r e s o n a n t  amp l i -  
tudes  i n t e r s e c t  is d e t e r m i n e d  by  the  modulus  def ic iency ,  o r  by 

r 2 = l / s  (o)o~ = + o)o 2) ( 4 . 1 0 )  

in the non l inea r  c a s e  w .  is amp l i t ude -dependen t  and g iven  by 
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I 

I r ! 
f J i 

z 
Fig. 1 

r = x/2 (r ~ + Oo 2) + 3/sA2 ( k ~ o % ~  2 -6 ko2oo ~) (4 .11)  

When consider ing the tangent of the phase -sh i f t  (tg go), its dependences 
on the re laxat ion t ime  ~'e and on the f requency w need to be cons idered  sepa-  
ra te ly .  The asymptot ic  equations will  f i r s t  be wri t ten for  la rge  and smal l  
values  of T~, re t ra in ing  only f i r s t  o rde r  t e r m s :  

�9 , ~ 1, tg ~ ~ (o)oo ~ - -  O~o ~) ( l  -6 ~ / 4 k o ~ A  2) ((ooo ~ - -  o) ~ -6 a/akoo2A2) ' l  ~4-~ sin ~p (4 .12)  

�9 , ~ l ,  tg~(cooo2--COo~)(l-6S/4ko2A2)(COo2--o)~-63/4ko2A2)-lu~sin~p (4.13) 

It can be seen  f rom these  express ions  that  tg go = 0 for  the l imit ing e l a s -  
tic c a s e s .  

Next, it is eas i ly  seen f rom (2.5) and (4.4) that,  at  low frequencies  
(r << 1), tg go m Q-1 and is independent of the ampli tude.  At high f requencies  

(w >> 1), tg go --* 0 f rom negat ive values ,  i .e. ,  the angle go -~ 7r. A s i m i l a r  p ic ture  is obtained in the l inear  
case  [7, 10]. Nonl inear  behav io r  of  tg go, leading to a shift  of the go curves  in the di rect ion of increas ing  A 
as the ampl i tude r i s e s ,  occu r s  in the in te rmedia te  f requency range  and is mos t  pronounded when w ~ 1. 

To sum up, invest igat ion of the s ta t ionary  mode of a nonl inear  e las t ica l ly  he red i t a ry  osc i l l a to r  r e -  
vea ls  how the nonl inear  p rope r t i e s  influence the s y s t e m  dynamic c h a r a c t e r i s t i c s .  In par t i cu la r ,  Q-I,  of 
the internal  fr ict ion,  p roves  to be independent of the ampli tude of osci l la t ion  ̀  i .e. ,  of the nonlinear  p r o p e r -  
t ies .  This  fact  needs to be  borne  in mind when examining r e t a r d a t i o n - r e l a x a t i o n  p r o c e s s e s  by the method 
of in ternal  f r ic t ion,  s ince the t e m p e r a t u r e - f r e q u e n c y  behavior  of Q-1 fails  to provide  complete  informat ion 
on the p rope r t i e s  of the e las t ic  ma te r i a l .  In view of this ,  in addition to the d iss ipa t ive  r e sponse  of Q-I we 
need to examine the behav ior  of the o ther  dynamic c h a r a c t e r i s t i c s ,  and notably, the resonant  ampli tude.  
This  point is spec ia l ly  impor tan t  when it comes  to consider ing the so -ca l l ed  "background" of internal  
f r ic t ion,  concerning the na ture  of which the re  a r e  s t i l l  con t rad ic to ry  opinions. 
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